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We construct a variational wave function for inhomogeneous weakly interacting Bose–Einstein condensates beyond
the mean-field approximation by incorporating 3/2-body correlations. From our numerical results calculated for a system
trapped by a one-dimensional harmonic oscillator, the 3/2-body correlations give a contribution comparable to the mean-
field energy toward lowering the ground-state energy.
1. Introduction
Bose–Einstein condensates (BECs) in dilute atomic gases
are created by cooling identical Bose particles in a magnetic
trap.1) They provide unique macroscopic quantum phenom-
ena, such as quantized vortices2–6) and interference effects of
two BECs.7–9) In particular, a competition between interpar-
ticle interactions and inhomogeneity, which originates from
trap potentials or vortices, should be considered when con-
structing ground states of inhomogeneous systems. In this
context, the Gross–Pitaevskii equation10, 11) has been used ex-
tensively for describing the behaviors of interacting conden-
sates. From the microscopic viewpoint, on the other hand,
noncondensates also exist even in the ground state because
of the interparticle interactions. Therefore, noncondensates as
well as condensates should be incorporated to describe the in-
teracting systems adequately.
Girardeau and Arnowitt12) constructed a variational ground
state with noncondensed particles for homogeneous systems.
They incorporated 2-body interactions between two noncon-
densed particles given by NC + NC ↔ NC + NC using
the mean-field approximation, where NC denotes a noncon-
densed particle. Recently, better variational wave functions
for single-component13) and multicomponent14) systems have
been constructed beyond the mean-field approximation by in-
corporating the dynamical 3/2-body correlations C + NC ↔
NC + NC, where C denotes a condensed particle. As shown
in Refs. 13 and 14, 3/2-body correlations play the role of de-
creasing the ground-state energy, and their contributions are
comparable to the mean-field contributions.
In this paper, we extend these previous studies to inhomo-
geneous systems to describe the competition between interac-
tion effects and inhomogeneity beyond the mean-field treat-
ment. Specifically, we construct a variational wave function
for weakly interacting inhomogeneous systems and apply the
formulation to a system trapped in a one-dimensional (1D)
harmonic potential. We show that the 3/2-body correlations
cause a substantial decrease in the ground-state energy, simi-
larly to in Refs. 13 and 14.
This paper is organized as follows. In Sect. 2, we outline the
method of constructing the variational wave function includ-
ing many-body effects. In section 3, we outline the numerical
procedures and presents results. In section 4, we summarize
the paper.
2. Formulation
We consider identical Bose particles with mass m and spin
0 trapped in an external potential V(r). The Hamiltonian is
given by
Hˆ ≡
∫
dr1ψˆ
†(r1)Kˆ1ψˆ(r1)
+
1
2
∫
dr1
∫
dr2ψˆ
†(r1)ψˆ†(r2)U(|r1 − r2|)ψˆ(r2)ψˆ(r1), (1)
where ψˆ is the boson field operator, Kˆ1 is defined as Kˆ1 ≡
pˆ2
1
/2m + V(r1) in terms of the momentum operator pˆ, and
U(|r − r′|) is an interaction potential.
We expand ψˆ(r) in basis functions ϕq(r) ≡ 〈r|q〉, which
are distinguished by a set of quantum numbers q and satisfy
orthonormality 〈q|q′〉 = δqq′ and completeness
∑
q |q〉 〈q| = 1,
as
ψˆ(r) =
∑
q
cˆqϕq(r) ≡ ψˆc(r) + ψˆnc(r), (2)
where |q = 0〉 (|q , 0〉) denotes the one-particle state of con-
densates (noncondensates) and ψˆc(r) ≡ cˆ0ϕ0(r) [ψˆnc(r) ≡∑
q,0 cˆqϕq(r)] denotes the field operator for condensates (non-
condensates).
Using (cˆq, cˆ
†
q), Eq. (1) is transformed to
Hˆ =
∑
q1q2
Kq2q1 cˆ
†
q2
cˆq1 +
1
2
∑
q1q2q3q4
Uq4q3;q2q1 cˆ
†
q4
cˆ†q3 cˆq2 cˆq1 (3)
with
Kq1q2 =
∫
drϕ∗q1(r)
[
pˆ2
2m
+ V(r)
]
ϕq2(r), (4a)
Uq1q2;q3q4 =
∫
dr1
∫
dr2U(|r1 − r2|)
× ϕ∗q1(r1)ϕ∗q2(r2)ϕq3(r2)ϕq4(r1). (4b)
Our aim is to construct the ground-state wave function of Eq.
(3) with Eqs. (4a) and (4b) that describes the weakly inter-
acting inhomogeneous BEC characterized by an external po-
tential V(r). To carry this out, we classify Hˆ according to the
number of noncondensed states involved as
Hˆ = Hˆ0 + Hˆ 1
2
+ Hˆ1 + Hˆ 3
2
+ Hˆ2, (5)
1
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where
Hˆ0 =K00cˆ
†
0
cˆ0 +
1
2
U00;00cˆ
†
0
cˆ
†
0
cˆ0cˆ0, (6a)
Hˆ 1
2
=
∑
q1,0
(
K0q1 cˆ
†
0
cˆq1 + H.C.
)
+
∑
q1,0
(
Uq10;00cˆ
†
q1
cˆ
†
0
cˆ0cˆ0 + H.C.
)
, (6b)
Hˆ1 =
∑
q1,q2,0
Kq2q1 cˆ
†
q2
cˆq1
+
∑
q1q2,0
(
Uq20;q10 + Uq20;0q1
)
cˆ
†
0
cˆ0cˆ
†
q2
cˆq1
+
1
2
∑
q1q2,0
(
U00;q2q1 cˆ
†
0
cˆ
†
0
cˆq2 cˆq1 + H.C.
)
, (6c)
Hˆ 3
2
=
∑
q1q2q3,0
(
U0q3;q2q1 cˆ
†
0
cˆ†q3 cˆq2 cˆq1 + H.C.
)
, (6d)
Hˆ2 =
1
2
∑
q1q2q3q4,0
Uq4q3;q2q1 cˆ
†
q4
cˆ†q3 cˆq2 cˆq1 , (6e)
where H.C. denotes the Hermitian conjugate.
Next, we introduce the number-conserving creation-
annihilation operators13–15). To carry this out, we give the or-
thonormal basis function for q = 0 as
|n〉0 ≡
(cˆ
†
0
)n
√
n!
|0〉 (n = 0, 1, 2, · · · ,N). (7)
The ground state without correlations is given by |N〉0. The
number-conserving operators are introduced as (βˆ
†
0
, βˆ0) for
n ≥ 0 by βˆ†
0
|n〉0 ≡ |n + 1〉0 and βˆ0 |n + 1〉0 = |n〉0 with
βˆ0 |0〉 ≡ 0. These operators are expressible in terms of (cˆ†0, cˆ0)
as
βˆ
†
0
= cˆ
†
0
(1 + cˆ
†
0
cˆ0)
− 1
2 , (8a)
βˆ0 = (1 + cˆ
†
0
cˆ0)
− 1
2 cˆ0, (8b)
and obey (βˆ
†
0
)νβˆν
0
|n〉0 = βˆν0(βˆ†0)ν |n〉0 = 0 for integer ν ≤ n
and (βˆ
†
0
)νβˆν
0
|n〉0 = 0 for ν > n. Therefore, (βˆ†0)νβˆν0 = 1 and
βˆν
0
(βˆ
†
0
)ν ≃ 1 for ν = 1, 2, · · · . The latter approximation for
ν≪ N is almost exact in the weak-coupling regime where the
ground state is composed of the kets |n〉0 with n = O(N).
As a first step to construct the ground state of an inhomo-
geneous BEC, we give an inhomogeneous extension of the
Girardeau–Arnowitt wave function12) (GA wave function).
First, we define the pair-correlation function as
pˆi† =
1
2
∑
q1q2,0
φq1q2 cˆ
†
q1
cˆ†q2 βˆ
2
0, (9)
where φqq′ = φq′q is a variational parameter that character-
izes the pair excitation of particles q and q′ from condensates.
Using pˆi†, we introduce the ground-state wave function as
|ΦGA〉 = A−1/2GA exp(pˆi†) |N〉0 = A−1/2GA
[N/2]∑
ν=0
(pˆi†)ν
ν!
|N − 2ν〉0 ,
(10)
where [N/2] denotes the largest integer that does not ex-
ceed N/2 and AGA is a normalization constant determined by
〈ΦGA|ΦGA〉 = 1.
|ΦGA〉 is the vacuum state characterized by γˆq |ΦGA〉 = 0,
where γˆq is the number-conserving quasiparticle operator de-
fined as
γˆq ≡
∑
q1,0
(
uqq1 cˆq1 βˆ
†
0
− vqq1 cˆ†q1 βˆ0
)
. (11)
Here, we require that (γˆ
†
q, γˆq) obey the Bose commutator re-
lation. In this case, matrices u ≡ (uq1q2) and v ≡ (vq1q2) are
given in terms of φ ≡ (φq1q2) and the unit matrix 1 ≡ (δq1q2 )
by
u ≡ (1 − φ φ†)− 12 , v ≡ (1 − φ φ†)− 12 φ. (12)
Therefore, they satisfy
u† = u, vT = v, u u† − v v† = 1, u v = v u∗, (13)
where T denotes the transposition of a matrix. The third and
fourth relations are summarized as the following matrix form:[
u v
v∗ u∗
] [
u −v
−v∗ u∗
]
=
[
1 0
0 1
]
. (14)
Using Eq. (14), (cˆq, cˆ
†
q) are also expressible in terms of
(γˆq, γˆ
†
q) as follows:
cˆqβˆ
†
0
=
∑
q1,0
(
uqq1 γˆq1 + vqq1 γˆ
†
q1
)
, (15a)
cˆ†qβˆ0 =
∑
q1,0
(
u∗qq1 γˆ
†
q1
+ v∗qq1 γˆq1
)
. (15b)
Note that |ΦGA〉 only includes pair processes via φ, mean-
ing that it has no contributions from Hˆ 3
2
and Hˆ 1
2
, i.e.,
〈ΦGA| Hˆ 3
2
|ΦGA〉 = 〈ΦGA| Hˆ 1
2
|ΦGA〉 = 0. To incorporate 3/2-
body correlations, we need to characterize them by introduc-
ing the corresponding variational parameters as outlined be-
low.
Next, we improve |ΦGA〉 so that Hˆ 3
2
yields finite contribu-
tions to lower the variational ground-state energy further. The
ground state with a new operator may be introduced as
|Φ〉 ≡ A−1/2
3
exp
(
pˆi
†
3
)
|ΦGA〉 , (16a)
pˆi
†
3
≡ 1
3!
∑
q1q2q3,0
wq1q2q3 γˆ
†
q1
γˆ†q2 γˆ
†
q3
, (16b)
where wq1q2q3 is a variational parameter characterized by 3/2-
body correlations satisfying Pˆq1q2q3wq1q2q3 = wq1q2q3 for any
permutation Pˆ with three elements (q1, q2, q3) and A3 is the
normalization constant expressed as
A3 = 〈ΦGA| exp (pˆi3) exp
(
pˆi
†
3
)
|ΦGA〉
= exp
 13!
∑
q1q2q3,0
|wq1q2q3 |2 + O
(
|w|4
) . (17)
Here, we omit the higher-order terms O
(
|w|4
)
in the present
weak-coupling consideration. In this case, we obtain
〈Φ| γˆ†q1 γˆ†q2 γˆ†q3 |Φ〉 =
δlnA3
δwq1q2q3
≃ w∗q1q2q3 . (18)
Note that 〈Φ| γˆ†q1 γˆq2 γˆq3 |Φ〉, 〈Φ| γˆq1 γˆq2 |Φ〉, and their complex
conjugates are neglected since they are all higher-order con-
2
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tributions. In addition, we have 〈Φ| Hˆ 1
2
|Φ〉 = 0.
On the basis of |Φ〉, we obtain expressions for the ground-
state energy and self-consistent equations embodying energy-
minimum conditions. To express the ground-state energy ex-
plicitly, we define the following quantities:
ρq1q2 ≡ 〈Φ| cˆ†q2 cˆq1 |Φ〉 = ρ∗q2q1
=
1
2
∑
q3,0
(
uq1q3u
∗
q2q3
+ vq1q3v
∗
q3q2
)
+
∑
q3q4,0
(
uq1q3u
∗
q2q4
+ vq1q4v
∗
q2q3
)
ρ
3
2
q3q4 −
1
2
δq1q2 , (19a)
Fq1q2 ≡ 〈Φ| cˆq1 cˆq2(βˆ†0)2 |Φ〉 = Fq2q1
=
∑
q3,0
uq1q3vq3q2 +
∑
q3q4,0
(
uq1q3vq2q4 + vq1q4uq2q3
)
ρ
3
2
q3q4 , (19b)
Wq1q2;q3 ≡ 〈Φ| cˆ†q3 cˆq2 cˆq1 βˆ†0 |Φ〉
=
∑
q4q5q6,0
(
uq1q4uq2q5v
∗
q3q6
wq4q5q6 + vq1q4vq2q5u
∗
q3q6
w∗q4q5q6
)
,
(19c)
where
ρ
3
2
q1q2 ≡ 〈Φ| γˆ†q2 γˆq1 |Φ〉 ≃
1
2
∑
q3q4
wq1q3q4w
∗
q2q3q4
(20)
and we approximate
(cˆ
†
0
)m(cˆ0)
n ≃ (N0)
m+n
2 (βˆ
†
0
)m(βˆ0)
n, (21)
where N0 denotes the number of condensed particles. There-
fore, we obtain an expression for the ground-state energy
E ≡ 〈Φ| Hˆ |Φ〉 as
E = E[φqaqb , φ∗qaqb ,wqaqbqc ,w∗qaqbqc ]
= E0 + E1 + E 3
2
+ E2, (22)
where
E0 = 〈Φ| Hˆ0 |Φ〉 = K00N0 +
1
2
U00;00N
2
0 , (23a)
E1 = 〈Φ| Hˆ1 |Φ〉 =
∑
q1,q2,0
Kq2q1ρq1q2
+ N0
∑
q1q2,0
(
Uq20;q10 + Uq20;0q1
)
ρq1q2
+
N0
2
∑
q1q2,0
(
U00;q2q1Fq1q2 + C.C.
)
, (23b)
E 3
2
= 〈Φ| Hˆ 3
2
|Φ〉
=
√
N0
∑
q1q2q3,0
(
U0q3;q2q1Wq1q2q3 + C.C.
)
, (23c)
E2 = 〈Φ| Hˆ2 |Φ〉 ≃ 1
2
∑
q1q2q3q4,0
Uq4q3;q2q1
×
(
Fq1q2F
∗
q3q4
+ ρq2q4ρq1q3 + ρq1q4ρq2q3
)
, (23d)
where C.C. denotes complex conjugate and we use the de-
composition as
〈Φ| cˆ†q4 cˆ†q3 cˆq2 cˆq1 |Φ〉
= F∗q4q3Fq2q1 + ρq2q4ρq1q3 + ρq1q4ρq2q3 . (24)
In principle, the stationary condition δE = 0 gives self-
consistent equations for φq1q2 and wq1q2q3 . However, the ex-
plicit expression for δE/δφ∗qaqb is difficult to obtain unlike the
case of homogeneous systems. This is because uq1q2 and vq1q2
are expressed by φq1q2 as given in Eq. (12), which includes
the square root of inverse matrices and is too complicated
to perform variational calculations. For this reason, we intro-
duce a potential Ω and consider the conditions equivalent to
δE/δφ∗qaqb = δE/δw∗qaqbqc = 0 on the basis of Lagrange multi-
pliers. Here, we introduceΩ as
Ω = E + µ
N −
N0 +
∑
q,0
ρqq


+
1
2
∑
q1q2,0
δq1q2 −
∑
q3,0
(
u∗q3q1uq3q2 − vq3q1v∗q3q2
) λq2q1 , (25)
where µ and λq1q2are Lagrange multipliers whose variational
conditions give the following constraint conditions:
N0 +
∑
q,0
ρqq = N, (26a)
∑
q3,0
(
uq1q3u
∗
q2q3
− vq1q3v∗q2q3
)
= δq1q2 . (26b)
Minimizing Ω instead of E corresponds to changing the in-
dependent variational parameters from (φq1q2 ,wq1q2q3 ,C.C.) to
(N0, µ, uq1q2 , vq1q2 , λq1q2 ,wq1q2q3 ,C.C.).
Now, we carry out the following variational calculations:
δΩ
δN0
= 0
→µ = Σ00 − 1
2
(∆00 + C.C.) +
∑
q1q2,0
(
U00;q1q2Fq1q2 + C.C.
)
+
1
2
√
N0
∑
q1q2q3,0
(
U0q3;q2q1Wq1q2q3 + C.C.
)
, (27a)
δΩ
δu∗qaqb
= 0 and
δΩ
δvqaqb
= 0
→
∑
q1,q2,0
[
Σqaq1 ∆qaq1
−∆∗qaq1 −Σ∗qaq1
] [
uq1q2
v∗q1q2
]
(δq2qb + 2ρ
3
2
q2qb)
+
[
χ
(1)
qaqb
χ
(2)
qaqb
]
=
∑
q1,0
[
uqaq1
v∗qaq1
]
λq1qb , (27b)
δΩ
δw∗qaqbqc
= 0
→wqaqbqc = −
bqaqbqc
aqaqa + aqbqb + aqcqc
, (27c)
where we define the following quantities:
Σqaqb ≡ Kqaqb + N0(Uqa0;qb0 + Uqa0;0qb)
+
∑
q1q2,0
(
Uqaq2;qbq1 + Uqaq2;q1qb
)
ρq1q2 , (28a)
∆qaqb ≡ N0Uqbqa;00 +
∑
q1q2,0
Uqaqb;q2q1Fq1q2 , (28b)
3
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χ(1) ≡ 2
√
N0
∑
q1q2q3q4,0
(
U0qa;q2q1vq1q3vq2q4
+ 2Uqaq1;q20u
∗
q1q3
vq2q4
)
w∗q3q4qb , (28c)
χ(2) ≡ −2
√
N0
∑
q1q2q3q4,0
(
Uq1q2;qa0u
∗
q1q3
u∗q2q4
+ 2U0q2;q1qa vq1q3u
∗
q2q4
)
w∗q3q4qb , (28d)
aqaqb ≡
∑
q1q2,0
Σq1q2(uq2qb u
∗
q1qa
+ vq2qb v
∗
q1qa
)
+
∑
q1q2,0
(
∆∗q1q2uq2qb vq1qa + ∆q1q2u
∗
q2qa
v∗q1qb
)
, (28e)
bqaqbqc ≡
√
N0
∑
Pˆ
Pˆqaqbqc
∑
q1q2q3,0
[
Uqaqb;qc0u
∗
qaq1
u∗qbq2vqcq3
+ U0qc;qbqa vqaq1vqbq2u
∗
qcq3
]
+
1
2
∑
Pˆ
Pˆqaqbqc
∑
q1,0,qa
aqaq1wq1qbqc .
(28f)
Our theory is based on the premise that we can obtain a
set of appropriate one-particle states, that satisfy orthonor-
mality and completeness. However, we need to consider the
real-space deformation of ϕq(r) due to the interaction between
particles when we carry out numerical calculations. Although
it is difficult to consider it completely, we can discuss the de-
formation effect focusing only on a condensate wave func-
tion. The deformation can be considered on the basis of the
following Gross–Pitaevskii equation including 3/2-body cor-
relations, which is obtained by δΩ/δϕ∗
0
(r) = 0:∫
dr1
[
Kˆ(r, r1)ϕ0(r1) − ∆(r, r1)ϕ∗0(r1)
]
= −
∫
dr1U(|r − r1|)
[
2F(r, r1)ϕ
∗
0(r1) +
W(r, r1, r1)√
N0
]
, (29)
where we define the following self-consistent conditions:
Kˆ(r1, r2) ≡δ(r1 − r2)(Kˆ2 − µ) +
∫
dr3
{
U(r2 − r¯3)
× [ρ(r¯3, r¯3) + N0|ϕ0(r¯3)|2]} + U(r1 − r2)
× [ρ(r1, r2) + N0ϕ0(r1)ϕ∗0(r2)]
≡ δ(r1 − r2)(Kˆ2 − µ) + Σ(r1, r2) (30a)
∆(r1, r2) ≡U(r1 − r2)
[
F(r1, r2) + N0ϕ0(r1)ϕ0(r2)
]
,
(30b)
ρ(r1, r2) ≡
∑
q1q2,0
ρq1q2ϕq1 (r1)ϕ
∗
q2
(r2), (30c)
F(r1, r2) ≡
∑
q1q2,0
Fq1q2ϕq1(r1)ϕq2(r2), (30d)
W(r1, r2, r3) ≡
∑
q1q2q3,0
Wq1q2q3ϕq1 (r1)ϕq2(r2)ϕ
∗
q3
(r3). (30e)
By solving Eq. (29) with the self-consistent conditions, we
obtain ϕ0(r) deformed by interactions between particles.
However, the Gross–Pitaevskii equation does not guarantee
the orthogonality of one-particle states, i.e., it is necessary to
check the condition 〈0|q〉 = δ0q for q > 0. To evaluate all the
contributions from |q〉 strictly and appropriately, we need to
obtain ϕ0(r) and ϕq(r) self-consistently with a constraint con-
dition 〈q|q′〉 = δqq′ . Although it remains as a future techni-
cal task, ϕq(r) may be obtained from the stationary condition
δΩ/δϕ∗q(r) = 0 in the same manner as ϕ0(r).
This formulation can be applied to the homogeneous
BEC13) by changing the subscript as q → k and the basis
function as ϕq(r) → eik·r/
√
V, where k denotes the wave
number of a particle. In this case, the basic matrix elements
are given by
Kkk′ = δk,k′εk, Uk1k2;k3 k4 =
δk1+k2,k3+k4
V U|k1−k3 |,
φkk′ = δk,−k′φk, (31)
with φk = φ−k and
εk =
~
2|k|2
2m
, U|k| =
∫
drU(|r|)e−ik·r. (32)
3. Application to a System Trapped by a One-
Dimensional Harmonic Oscillator
As one of the simplest numerical examples, we consider
a 1D system (r → z) trapped by a harmonic oscillator
V(z) = mω2z2/2 with a short-range contact potential written
as U(|za− zb|) = gδ(za− zb). Using the potential, we transform
Eq. (29) into{
− ~
2
2m
∂2
∂z2
+
mω2z2
2
− µ + Σ(z)
}
ϕ0(z) − ∆(z)ϕ∗0(z)
= − g
[
2F(z)ϕ∗0(z) +
W(z)√
N0
]
, (33)
where X(r) = X(r, r) (X = Σ, ∆, and F) and W(r) = W(r, r, r).
In the following calculation, we set the units of energy εω =
~ω/2 and length lω = (~/mω)
1
2 .
We point out that it is crucial to choose an appropriate |q〉
that corresponds to the external potential considered in the
present formulation. In the limit g → 0, the condensate wave
function ϕ0(r) becomes a Gaussian. On the other hand, ϕ0(r)
deforms due to the nonlinear term of the Gross–Pitaevskii
equation when we set a larger g, such as in the case of a
Thomas–Fermi BEC.16) With these considerations, we pro-
pose two approximations in the weak-coupling region as fol-
lows:
(i) : |q〉 ≃ |n〉 for all n ≥ 0,
(ii) : 〈r|0〉 = ϕGP
0
(r) and |q〉 ≃ |n〉 for n > 0,
where ϕGP
0
(r) represents the solution of Eq. (33); integer n ≤
ncut is a quantum number that characterizes the energy levels
of a harmonic oscillator and ncut is the cutoff energy level. On
the basis of the approximation, ϕn(z) = 〈z|n〉 is given as
ϕn(z) ≡
(
1
2nn!
√
pilω
) 1
2
Hn
(
z
lω
)
exp
(
− z
2
2l2ω
)
, (34)
where Hn denotes the nth Hermite polynomial. Hence, we ob-
tain Kn1n2 and Un1n2;n3n4 as
Kn1n2 = δn1n2(2n1 + 1)εω, (35a)
Un1n2;n3n4 = g
∫ lcut
−lcut
dzϕn1(z)ϕn2(z)ϕn3(z)ϕn4(z), (35b)
where lcut is the cutoff length for numerical calculations.
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To carry out the numerical calculations, we introduce the
external parameter (coupling constant) as
α ≡ mglω
~2
=
1
2
g
εωlω
≪ 1. (36)
This parameter denotes the ratio of the scales for the correla-
tion of particles and the harmonic oscillator potential. In this
work, we carry out the numerical calculations for N = 1000
and α ∼ 1.0 × 10−3, where the BEC has an approximately
Gaussian profile.17) In addition, we neglect the O(|W |2) terms
in the self-consistent conditions because they give only a
small correction to the ground-state wave function in the
weak-coupling regime. We choose ncut = 40 (εncut = 81εω)
and lcut = 10lω (mωl
2
ω/2 = 100εω ∼ εncut ) for the numerical
calculations. We start the initial self-consistent calculation by
substituting the trivial solutions for g = 0 and renew the solu-
tions one after another while mixing the old and new solutions
with the weight ratio of 80 : 20.
Now, we discuss the numerical results. First, we show the
ground-state energy Eσ (σ = 0, 1, 3/2, 2) to explain the re-
spective energy scales in Tables I and II. From these tables, we
see that |E0| ≫ |E1| ≫ |E2| > |E 3
2
|. However,E 3
2
is comparable
to E2 around α ∼ 1.0 × 10−3. In addition, |E 3
2
|/|E2| seems to
increase monotonically as a function of α so that the 3/2-body
correlation may be dominant in the relatively strong coupling
system, such as the Thomas–Fermi BEC regime. Comparing
Tables I and II, we find that approximation (ii) yields lower
total ground-state energies than approximation (i) because the
deformation of the condensate wave function also lowers the
ground-state energy. Hence, one might conclude that (ii) is
better than (i). However, (ii) appears to break the orthogo-
nality relation, i.e., 〈0|n〉 , δ0n for n > 0. To evaluate the
ground-state energies more quantitatively, setting appropriate
one-particle states with orthogonality relations remains a fu-
ture task.
Incorporating more variational parameters in the theory is
expected to yield a better estimate for the ground-state energy.
To see this explicitly, we perform our variational calculations
on the basis of the following ground states:
(1) |ΦGP〉: We set φn1n2 = wn1n2n3 = 0.
(2) |ΦBog〉: We obtain φn1n2 while fixing ρn1n2 = Fn1n2 =
wn1n2n3 = 0.
(3) |ΦHFB〉: We set λn1n2 = En1δn1n2 and wn1n2n3 = 0. This is
equivalent to the problem of diagonalizing the effective
Hamiltonian called HFB theory.18)
(4) |ΦGA〉: All the variational parameters except wn1n2n3 are
calculated self-consistently. The ground state is equiva-
lent to the GA wave function.
(5) |Φ〉: All the variational parameters are calculated self-
consistently.
Using the ground states, we evaluate the energy differences
defined by
∆EI ≡ 〈Φ| Hˆ |Φ〉 − 〈ΦGP| Hˆ |ΦGP〉 , (37a)
∆EII ≡ 〈ΦGA| Hˆ |ΦGA〉 − 〈ΦBog| Hˆ |ΦBog〉 , (37b)
∆EIII ≡ 〈Φ| Hˆ |Φ〉 − 〈ΦHFB| Hˆ |ΦHFB〉 , (37c)
∆EIV ≡ 〈Φ| Hˆ |Φ〉 − 〈ΦGA| Hˆ |ΦGA〉 . (37d)
Table I. Ground-state energies based on approximation (i) with E˜σ =
Eσ/(Nεω) and α˜ = α × 103 .
α˜ E˜0 E˜1 E˜ 3
2
E˜2 E˜ 3
2
/E˜2
0.1 1.0399 −5.49 × 10−7 −6.51 × 10−13 1.64 × 10−11 -0.040
0.5 1.20 −1.22 × 10−5 −3.60 × 10−10 1.93 × 10−9 -0.19
1.5 1.60 −7.85 × 10−5 −2.36 × 10−8 4.85 × 10−8 -0.49
2.5 2.00 −1.22 × 10−4 −1.69 × 10−7 2.34 × 10−7 -0.72
Table II. Ground-state energies based on approximation (ii) with E˜σ =
Eσ/(Nεω) and α˜ = α × 103 .
α˜ E˜0 E˜1 E˜ 3
2
E˜2 E˜ 3
2
/E˜2
0.1 1.0397 −5.47 × 10−7 −6.57 × 10−13 1.64 × 10−11 -0.040
0.5 1.19 −1.19 × 10−5 −3.72 × 10−10 1.94 × 10−9 -0.19
1.5 1.56 −7.71 × 10−5 −2.43 × 10−8 4.73 × 10−8 -0.51
2.5 1.89 −1.55 × 10−4 −1.57 × 10−7 2.04 × 10−7 -0.77
Table III. Energy differences based on approximation (i) with ∆E˜σ =
∆Eσ/(Nεω) and α˜ = α × 103.
α˜ ∆E˜I ∆E˜II ∆E˜III ∆E˜IV
0.1 −7.26 × 10−7 −4.44 × 10−16 −6.59 × 10−13 −6.52 × 10−13
0.5 −1.75 × 10−5 −2.81 × 10−13 −4.46 × 10−10 −3.60 × 10−10
1.5 −1.46 × 10−4 −2.83 × 10−11 −6.23 × 10−8 −2.36 × 10−8
2.5 −3.87 × 10−4 −3.45 × 10−10 −7.94 × 10−7 −1.69 × 10−7
Table IV. Energy differences based on approximation (ii) with ∆E˜σ =
∆Eσ/(Nεω) and α˜ = α × 103.
α˜ ∆E˜I ∆E˜II ∆E˜III ∆E˜IV
0.1 −7.24 × 10−7 −1.22 × 10−14 −6.63 × 10−13 −6.56 × 10−13
0.5 −1.72 × 10−5 −5.61 × 10−12 −4.61 × 10−10 −3.72 × 10−10
1.5 −1.39 × 10−4 −2.77 × 10−10 −6.27 × 10−8 −2.43 × 10−8
2.5 −3.51 × 10−4 −1.40 × 10−9 −6.58 × 10−7 −1.57 × 10−7
From Tables III and IV, we subsequently see the rela-
tion 〈Φ| Hˆ |Φ〉 < 〈ΦGA| Hˆ |ΦGA〉 < 〈ΦHFB| Hˆ |ΦHFB〉 <
〈ΦBog| Hˆ |ΦBog〉 < 〈ΦGP| Hˆ |ΦGP〉; thus, |Φ〉 seems to be the
best solution in terms of constructing the variational wave
function. The reason why |ΦGA〉 gives lower energy than
|ΦHFB〉 is traced back to the difference in the manner of setting
λ, i.e., the difference between u u† − v v† = 1 for |ΦGA〉 and
Tr[u u† − v v†] = 1 for |ΦHFB〉. In the latter case, the quasipar-
ticles do not satisfy the Bose commutator relations because
the condition for the off-diagonal parts of (u u† − v v†) is not
considered to be appropriate. In contrast, |ΦGA〉 with u and v
satisfying all the conditions of Eq. (13) gives a lower ground-
state energy than |ΦHFB〉. Thus, the appropriate consideration
for commutator relations of quasiparticles is indispensable for
obtaining the lower ground-state energy.
In addition, |∆EIV | is roughly 100 − 1000 times larger than
|∆EII |. This result indicates that the 3/2-body correlations
contribute to the decrease in the ground-state energies more
than the 2-body correlations. These results agree with the re-
sults of homogeneous systems.13, 14) Therefore, the mean-field
approximation for inhomogeneousBECs characterized by the
discretized energy levels may not be effective quantitatively
even in the weak-coupling region, similarly to the homoge-
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Fig. 1. (Color online) Energy densities η 3
2
(z), η2(z), and η 3
2
(z) + η2(z) for
α = 2.5 × 10−3 using approximation (i).
neous systems.
Finally, we discuss what is qualitatively peculiar to the
trapped systems concerning the 3/2-body processes on the
ground state around α ∼ 1.0 × 10−3. To do this, we introduce
the energy density as
Ei =
∫ lcut
−lcut
dzηi(z), (38)
where i = 3
2
or 2. Using this quantity, we can present a local
discussion of the correlation energy of inhomogeneous sys-
tems. Figure. 1 shows the spatial dependence of energy den-
sities η 3
2
(z), η2(z), and η 3
2
(z) + η2(z) for α = 2.5 × 10−3 within
approximation (i). As shown in the figure, both η 3
2
(z) < 0 and
η2(z) > 0 have large off-center peaks around z ∼ 0.9lω. Con-
sequently, η 3
2
(z)+η2(z) < η2(z) becomesmore spatially homo-
geneous than η2(z). Assuming E 3
2
+ E2 is the effective corre-
lation energy, the 3/2-body correlations play the roles of (1)
suppressing the effective correlation energy and (2) shaping
the effective correlation-energy density more homogeneously.
Note that approximation (ii) qualitatively yields the same re-
sult as (i).
4. Summary and Conclusion
We have constructed the variational wave function for an
inhomogeneous BEC including not only the mean-field 2-
body correlations but also the 3/2-body correlations beyond
the mean-field approximation. Using the variational wave
function, we have carried out a numerical calculation to eval-
uate the ground-state energy of a 1D BEC trapped by a
harmonic oscillator. Our numerical result shows that 3/2-
body correlations decrease the ground-state energies even in a
trapped system characterized by the discretized energy level,
and their contributions are comparable to those of 2-body
correlations, which agree with the results of homogeneous
cases.13, 14) Therefore, when we consider the contributions
from noncondensates, self-consistent mean-field approxima-
tions may not be valid in BEC systems and 3/2-body correla-
tions should be incorporated. This wave function is expected
to give physical pictures beyond mean-field contributions in
inhomogeneous systems more microscopically.
Acknowledgements
W. K. is a JSPS Research Fellow, and this work was sup-
ported in part by JSPS KAKENHI Grant Number 18J13241.
1) M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman, and E.
A. Cornell, Science 269, 198 (1995); K. B. Davis, M.-O. Mewes, M. R.
Andrews, N. J. van Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle,
Phys. Rev. Lett. 75, 3969 (1995); C. C. Bradley, C. A. Sackett, J. J. Tollett,
and R. G. Hulet, Phys. Rev. Lett. 75, 1687 (1995).
2) M. R. Matthews, B. P. Anderson, P. C. Haljan, D. S. Hall, C. E. Wieman,
and E. A. Cornell, Phys. Rev. Lett. 83, 2498 (1999).
3) J. R. Abo-Shaeer, C. Raman, J. M. Vogels, and W. Ketterle, Science 292,
476 (2001).
4) E. Hodby, G. Hechenblaikner, S. A. Hopkins, O. M. Marago, and C. J.
Foot, Phys. Rev. Lett. 88, 010405 (2001).
5) P. C. Haljan, I. Coddington, P. Engels, and E. A. Cornell, Phys. Rev. Lett.
87, 210403 (2001).
6) Y. -J. Lin, R. L. Compton, K. Jimenez-Garcia, J. V. Porto, and I. Spielman,
Nature 462, 628 (2009).
7) M.R.Andrews, C.G. Townsend, H.-J.Miesner, D. S.Durfee, D.M.Kurn,
and W. Ketterle, Science 275, 637 (1997).
8) B. P. Anderson and M. A. Kasevich, Science 282, 1686 (1998).
9) M. Albiez, R. Gati, J. Fo¨lling, S. Hunsmann, M. Cristiani, and M. K.
Oberthaler, Phys. Rev. Lett. 95, 010402 (2005).
10) L. P. Pitaevskii, Zh. Eksp. Teor. Fiz. 40, 646 (1961).
11) E. P.Gross, Nuovo Cimento 20, 454 (1961); J.Math. Phys. 4, 195 (1961).
12) M. Girardeau and R. Arnowitt, Phys. Rev. 113, 755 (1959).
13) T. Kita, J. Phys. Soc. Jpn. 86, 044003 (2017).
14) W.Kohno, A. Kirikoshi, and T. Kita, J. Phys. Soc. Jpn. 87, 34002 (2018).
15) M. D. Girardeau, Phys. Rev. A 58, 775 (1998).
16) C. J. Pethick and H. Smith, Bose–Einstein Condensation in Dilute Gases
(Cambridge University Press, Cambridge, 2002).
17) D. S. Petrov, D.M.Gangardt, and G.V. Shlyapnikov, J. Phys. IV (France)
116, 3 (2004).
18) A. Griffin, Phys. Rev. B 53, 9341 (1996).
6
